We simulate the pump-probe experiments of lasing in molecular nitrogen ions with particular interest on the effects of rotational wave-packet dynamics. Our computations demonstrate that the coherent preparation of rotational wave packets in N + 2 by an intense short non-resonant pulse results in a modulation of the subsequent emission from B 2 Σ + u → X 2 Σ + g transitions induced by a resonant seed pulse. We model the dynamics of such pumping and emission using density matrix theory to describe the N + 2 dynamics and the Maxwell wave equation to model the seed pulse propagation. We show that the gain and absorption of a delayed seed pulse is dependent on the pump-seed delay, that is, the rotational coherences excited by the pump pulse can modulate the gain and absorption of the delayed seed pulse. Further, we demonstrate that the coherent rotational dynamics of the nitrogen ions can cause lasing without electronic inversion. * mlytova2@uottawa.ca † michael.spanner@nrc.ca
I. INTRODUCTION
Laser-induced molecular alignment of polarizable molecules was first considered by Friedrich and Herschbach [1] . This initial work was followed by numerous experimental and theoretical studies that further developed the scope of laser-induced molecular alignment [2] [3] [4] . An important result was the realization that ultrashort pulses could be used to generate time-dependent alignment that persists after the initial laser pulse has past [5] [6] [7] , a phenomenon called rotational wave-packet revivals [8, 9] . The rotational revivals can in turn be used to shape and control light pulses propagating through the rotationally excited medium, e.g., for pulse compression down to the single-cycle limit [10, 11] through spectral broadening and shaping, or creating quantum optical memory [12] by forcing absorption and emission of light. In this paper, we explore the effects of rotational wave packets on the absorption and amplification of a delayed seed pulse propagating through a rotationallyexcited gas of N 2 /N + 2 molecules. Such a system arises naturally in the so-called air laser, a phenomenon that was originally observed in 2003 in laser filaments driven by ultrashort strong laser pulses propagating in air [13] , and has recently become subject of numerous advanced experimental studies [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
Following the initial observations, the lasing process was generalized to a pump-probe scheme where a strong pump pulse ionizes and excites N 2 gas followed by a seed pulse that is amplified at selected wavelengths [14, 15] . More specifically, the seeded process proceeds as follows First, the leading edge of the pump pulse exerts a torque on the neutral nitrogen molecules towards the laser polarization direction, preparing coherent rotational wave packets in N 2 . Near the peak of the pump, a fraction of the rotationally excited molecules is strong-field ionized, producing rotationally excited N + 2 ions in the ground (X 2 Σ + g ) and lowest excited (A 2 Π u , B 2 Σ + u ) electronic levels that are driven further during the trailing edge of the pulse. The weak seed pulse that follows is tuned to the B 2 Σ + u ↔ X 2 Σ + g transition energy in N + 2 (391 nm). It is seen to undergo exponential gain [14] , which, with varying seed delay, is modulated by the long-lived rotational dynamics of the ions induced during the pump step [17] . The observed gain of the time-delayed seed is widely held as evidence that the pump pulse creates population inversion between the B 2 Σ + u and X 2 Σ + g states in the ion [16] , but also inversionless mechanisms [26] have been proposed to cause the amplification.
In this paper, we explore the process of absorption and gain of the seed pulse in the presence of coherent rotational excitations, which is the transient inversion induced by the rotational wave packets evolving on the X 2 Σ + g and B 2 Σ + u surfaces proposed in Ref. [25] . This process is effectively a manifestation of ultrafast lasing without inversion scenarios [27] [28] [29] . There are two key ingredients that make N + 2 lasing possible without inversion. First, the parallel coupling between the X 2 Σ + g and B 2 Σ + u states; molecules that are aligned with the seed polarization absorb and emit more efficiently than those perpendicular to it.
Second, the different rotational constants of the ionic states that lead to a temporal offset in their rotational evolutions. There will be moments in time where the molecules in the + g even in the absence of electronic inversion. Thus, the lasing regime can be achieved due to rotational wave packet evolution of the excited and ground states, even if there is no explicit electronic population inversion. Based on this idea, the authors of Ref. [25] proposed the condition of lasing in the form p B cos 2 θ B (t) > p X cos 2 θ X (t), i.e. the product of the population and the molecular alignment measure for the excited state B 2 Σ + u is higher than the same parameter in the ground state X 2 Σ + g . Here, we develop computational models that confirm the role of the rotational transient inversion mechanism [25] .
II. COMPUTATIONAL MODEL
Our interest is to investigate the gain/absorption process of a delayed seed in the presence of the rotationally-excited X 2 Σ + g and B 2 Σ + u ionic states. To this end, we start by modeling the generation of the rotational wave packets by the pump pulse. Both the initial rotational excitation in the neutral and subsequent rotational excitation in the ion states following ionization are computed. Focusing primarily on the effects of the rotational coherences on the gain process, we do not attempt to fully model the possible inversion generated by the pump pulse in the present study, but take the liberty to vary the relative populations of the ionic states directly to seeing how the rotational coherences can affect the gain/absorption process in both inverted and non-inverted scenarios. With this goal in mind, we also omit the inclusion of the A 2 Π u electronic state in N + 2 which is known to cause depletion of the X 2 Σ + g state population through a one-photon coupling [19, 20] , since we are instead choosing to set the X 2 Σ + g and B 2 Σ + u populations by hands. Our treatment of rotational lasing without inversion in N + 2 that includes a more complete modeling of the pump pulse excitation is presented elsewhere [30] . After the pump pulse has generated the rotationally-excited medium, we then solve the coupled Maxwell/von Neumann equations for the propagation of the seed pulse through the excited medium in order to calculate the gain and/or absorption of the seed. We choose to model the quantum system using a density matrix approach. First, in the case where there is an initial thermal distribution, we have found the density matrix approach to be computationally faster than using the Schrödinger equation; the latter requires averaging over separate simulations for each rotational state in the initial ensemble, while the former can group many incoherently populated initial rotational states into a single simulation. Second, using a density matrix approach allows us to naturally incorporate the case where the X 2 Σ + where the rotational and vibrational constants are summarized in Table I . We designate the ro-vibronic energies of N, X and B as E 
where J is the total angular momentum of a particular N 2 molecule in the initial ensemble, and M is the projection of the angular momentum onto the z-axis of the laboratory frame, which is aligned along the polarization direction of the pump and the seed. The factor g J takes into account the nuclear spin statistics [32] , which for N 2 [4] is
Note that in the initial thermal ensemble, the population of each J state is evenly distributed across its M = 0, + − 1, ..., + − J sublevels.
Using linearly polarized pump and seed pulses, M is conserved throughout the dynamics due to cylindrical symmetry about the laser polarization direction. We therefore build a set of (J, J ′ )-dependent density matrices, with one matrix for each group of initial rotational states with common quantum number |M|. The quantum dynamics are then computed separately for each |M|-subset of states. In the following, we omit the M dependence of the density matrices, but wherever the summation over M is required, we will make it explicit in the equations.
The form that we adopt for the density matrixρ T (t) for the total system iŝ
whereρ
is the density matrix for the neutral, and
is the density matrix of the ion that has been further split into the density matrices for the X and B statesρ
andρ
represent the coherences between the X and B electronic states. In Eqs. (5) to (8), |JM are the standard spherical harmonic rotational functions θ, ϕ|JM = Y M J (θ, ϕ) with θ = 0 corresponding to the same z-axis along which the laser pulses are polarized, |N represents the electronic state of the neutral, and |X and |B represent the electronic states of the ion. With these definitions, the initial conditions at t = 0 become
and
where δ is the Kronecker delta, and u is the Heaviside discrete step function.
B. Pump stage
The pump laser pulse is defined as E p (t) = ǫ z F p (t) cos(ω p t), with the envelope given by
and ǫ z is the unit vector pointing along the z direction. This choice of F p (t) gives a "sin 2 "
envelope for the intensity of the pump, where the full width at half maximum (FWHM) of the intensity profile is given by FWHM = τ on /2. We make the assumption that the pump pulse does not undergo significant change as it propagates through the medium, and hence there is no dependence of the equations used in the pump step along the propagation direction y.
The time evolution of the density matrices is described using the von Neumann equation, which in atomic units (a.u.) is
where k = N, X, B, I represents the evolution equation for the neutral, X state, B state, and total ionic system respectively. The neutral Hamiltonian operator iŝ
where the first term on the left hand side is the rotational kinetic energy, and the second term is the interaction potential between the polarizability of the neutral molecule and pump laser field [1, 3, 33] with
In this last equation (13), θ is the angle between the internuclear axis and the laser polarization direction, and the polarizability anisotropy is ∆α
are the parallel and perpendicular elements of the polarizability tensor of the neutral (see Table II ). In the |JM basis, the Hamiltonian matrix for the neutral is composed of
where
and R JJ ′ are the matrix elements of cos 2 θ
R JJ ′ are non-zero only if J ′ = {J − 2, J, J + 2}, allowing Raman transitions with ∆J = ±2.
Note that the R JJ ′ formally depend on M. In the following we will however omit their and all other matrix elements' M-dependence for clarity.
Due to the the exponential dependence of strong-field ionization on the instantaneous intensity of the driving laser pulse [34] , we let ionization take place at the peak of the pump pulse at time t = τ on /2, which results in the population of the X and B ionic states. We construct the the ionic density matrices from the neutral density using the following steps.
First, we account for the angular dependence of the ionization probability P I (θ) estimating it as a "peanut" shape [35, 36] 
During the ionization step, the density that is transferred into the ionic states acquires this additional angular dependence. We take this into account by constructing an intermediate density matrixρ
where the matrix elements ofQ are defined as
with the same definitions for δ and u as in Eq. (9), and the normalization factor is
where the summation over all the possible M-subsets in the initial thermal distribution is applied (recall Section II A for discussion about M-subsets). The inclusion of the normalization factor C has the effect of preserving the norm of the total density matrix before and after the angular ionization probability P I (θ) is applied. This allows us to set the ionized fraction by using a scaling parameter η. We designate the fraction of N + 2 ions with respect to neutrals as η, setting this value by hand. We also allow ourselves to vary the relative populations of the X and B states of the ion immediately after ionization, denoting these relative populations as p X and p B defined such that p X + p B = 1. Hence, η p X and η p B are the total populations in the X and B states.
Second, special consideration of the nuclear spin statistics must be taken [32] . While the electronic symmetry does not change during the N → X ionizing transition, it does during the N → B transition. This change in symmetry should be accompanied by a flip in the
In principle, if one would compute the ionization step with both the electronic and rotational degrees of freedom included rigorously and consistently, the only appearance of the nuclear spin factors would be in the initial Boltzmann distribution. For example, in one-photon ionization where the electronic and rotational degrees of freedom can be included on the same footing in first-order perturbation theory, the switch from g J to g ′ J occurs automatically without needing to account for this flip by hand. In the case of strong-field ionization, however, a rigorous treatment of the ionization step that includes both the electronic and rotational degrees of freedom is not currently available, and we must account for the switch
hand during the N → B transition. This is accomplished when constructinĝ ρ B by i) dividing out the g J factor fromρ ′ , ii) multiplying in the g ′ J . We label the resulting intermediate density matrixρ
′′ .
With these steps in hand, the initial conditions for the density matrices in the ionic states that are populated by ionization at the peak of the pulse are then given bŷ
The coherences between the X and B states remain zero during the ionization step
This is appropriate because, as mentioned above, we are considering the case where the emission must be seeded, which implies that there is no electronic coherence generated in the ion following ionization. From a physical point of view, the lack of coherence in the ion is due to the fact that the liberated electron is entangled with the ionic core, and tracing out the continuum electron degree of freedom decoheres the X and B ionic states.
For times t ≥ τ on /2,ρ X (t) andρ B (t) continue to evolve under the influence of the second half of the pump pulse and undergo further rotational excitation. This additional rotational excitation is included by solving the von Neumann equation (11) 
but with U(t, θ) now using the polarizabilities corresponding to the X and B states, see Table II .
After the pump is over, we continue the time evolution of the density matrices up until the seed pulse arrives using analytical solutions that have the same form for all three componentŝ
TABLE II. Polarizability coefficients calculated using the GAMESS electronic structure package [37] , with the aug-cc-pVTZ basis set at a CAS MCSCF level of theory, evaluated at the equilibrium bondlength of the neutral.
for k = N, X, B, where the symbol • denotes the Hadamard product (element-wise matrix multiplication), and Ω k (t) has the matrix elements
that depend on the differences of the energies in the corresponding electronic state.
Knowing the density matricesρ N (t),ρ X (t) andρ B (t) then allows us to compute the alignment measures for all three components k = {N, X, B}
theR operator has the matrix elements given in Eq. (16) , and p N = 1 since there is only one electronic state in the neutral that holds population. The cos 2 θ k (t) quantities are commonly-used observables in the molecular alignment literature that allow us to follow the rotational wave-packet dynamics generated in the neutral and ion. In addition, these quantities will be used to construct the condition for gain outlined initially in Ref. [25] .
The coherent rotations of the molecules generated by the pump pulse cause a timedependent refractive index n(t) defined by [33] 
In principle there should be additional terms in Eq. (29) due to the rotational excitations in the ionic states, but these will have negligible contribution to n(t) relative to the neutral terms as the fraction of ionized molecules η is assumed to be small. Eq. (29) is used below when propagating the seed pulse through the rotationally-excited medium.
C. Seed propagation
Our seed pulse is polarized along the z direction as the pump pulse, and is taken to propagate along the y direction through the medium. The initial seed pulse at the start of the medium (y = 0) is defined as
with
where σ s is the full width at the half-maximum of the seed envelope, ω s is the central frequency of the seed, and t del is the delay time of the seed pulse.
Qualitatively, the time evolution of E s (t, y) proceeds as follows. With the seed pulse defined for all time at the entrance of the medium by Eq. (31), we first compute the response of the medium by using E s (t, y = 0) in a von Neumann equation forρ I (t, y = 0) that couples the X and B states through the dipole interaction, using theρ X (t) andρ B (t) computed in the pump section as initial conditions forρ I (t, y = 0). Second, onceρ I (t, y = 0) is calculated following the interaction with the seed pulse, we use thisρ I (t, y = 0) to compute the polarization of the medium which is then used as input into the Maxwell wave equation to propagate E s (t, y = 0) to the next spatial point along y. These two steps are then repeated to continue propagating the seed pulse through the medium, with E s (t, y = 0) replaced with E s (t, y) at the current y position. We now outline the equations used in these two steps to computeρ I (t, y) and to propagate E s (t, y) along the y-direction.
The initial ionic density matrix for any y-coordinate is constructed aŝ
and where Ø is a zero matrix. The time t = t s is some point in time after the pump pulse is over where we wish to start the time evolution of the seed pulse. The evolution of ρ I (t, y = 0) for time t > t s is carried out by solving the von Neumann equation (11) . The ionic HamiltonianĤ I (t, y) is written aŝ
whereĤ
accounts for the interaction between the weak resonant seed pulse and the ionic states.
Because the seed is assumed to be in the weak-field limit, the off-resonant polarizability interaction analogous to U(t, θ) from Eq. (13) that would be induced by the seed pulse is now negligible, so that Eqs. (25) becomê
during the seed step. The energies E 
where the transition dipole µ XB = −0.74 a.u. was computed with GAMESS using the same level of electronic structure used to compute the polarizabilities above.Ĥ XB (t, y) can then be written asĤ
where the matrix elements ofŜ are given by
The only non-zero S JJ ′ occur when J − J ′ = ±1, resulting in the expected one-photon selection rules for the transitions between rotational levels of the B and X states. Note that H XB (t, y) will generate coherences between the X and B electronic states of the ion that in turn cause absorption and/or emission at the X ↔ B transition frequencies.
After computingρ I (t, y), which describes the microscopic properties of the medium, we can calculate the macroscopic polarization P µ (t, y) of the medium induced by the seed pulse
where the transition matrix S has the form
Also recall that at the pump stage, the excited rotation of the molecules generates a timedependent refractive index given by Eq. (29) . When the seed pulse propagates in the rotationally-excited medium, it is also affected by this refractive index giving rise to an additional contribution to the macroscopic polarization of the medium seen by the seed pulse given by
where Θ 1 (t) is defined by Eq. (29) . Due to the fact that we restrict ourselves to small values of η (i.e. small faction of ionized molecules), n(t) is effectively the time-dependent refractive index generated by the rotationally-excited neutral molecules, and hence we have labeled the associated polarization in Eq. (41) as P N 2 to indicate that this polarization comes from the neutral N 2 .
We compute the propagation of the electric field E s (t, y) of the seed using a simplified Maxwell wave equation [38] ∂E s (t, y) ∂y
where the polarization P (t, y) consists of the two terms introduced above
Eq. (42) is derived by including only the forward propagating waves, and is equivalent to the slowly-varying envelope approximation in the limit of long pulse durations [33] . We solve Eq. (42) in a reference frame that is moving at roughly the average velocity of the pump pulse by introducing the new variable τ = t − y/v p , where the velocity of this moving frame is taken to be
Eq. (42) can then be written as
The gain and/or absorption of the seed pulse is computed as the ratio of the integrated spectral intensities after propagating in the rotationally excited medium and the intensity before the interaction. Specifically, we calculate
where I in and I out are the spectral intensities (i.e Fourier power spectrum) of the seed pulse at the input and output of the medium respectively, ω P is the minimum of the P-branch parabola (see Fig. 1 ), and ω R corresponds to the maximal transition in the R-branch under consideration. When Γ > 1 the seed has undergone gain, while Γ < 1 implies that absorption rather than gain of the seed has occurred.
D. Numerical Considerations
We numerically solve the von Neumann equation Eq. (11) using the Runge-Kutta forth order (RK4) scheme [39] to obtain the time evolution of the coefficients ρ N JJ ′ (t) of the neutral density matrix. For the pump step, our RK4 propagation used a time step of ∆t = 1 fs.
The maximum number of the rotational states was set to J max = 40 in both the seed and pump steps, and the maximum rotational number used to average over the initial thermal distribution of the neutral N 2 was J max0 = 30.
Efficient propagation during the seed step requires further care due to the disparate timescales imposed by the electronic energy separation of the X and B states. We first write the density matrix elements in terms of slowly-varying amplitudes
for k = X, B, and
Similarly, we write the electric field of the seed as
This approach has the advantage of analytically incorporating the fast oscillations related to the electronic spacing and the seed carrier wave into the numerical propagation scheme.
We proceed to apply the RK4 method to the von Neumann propagation of the In Ref. [25] , it was suggested that the gain seen in N + 2 lasing should be related to the molecular alignment in X and B. In particular, it was proposed that the gain of the delayed seed pulse should be proportional to the difference of the alignment in the X and B states at the moment t = t del when the seed arrives
Note that unlike Γ defined in Eq. (46), the estimate W down↔up predicts gain when W down↔up > 0, while absorption corresponds to W down↔up < 0. In this section, we apply first-order perturbation theory to the interaction between the weak seed pulse and the rotationally-excited medium, and demonstrate how to recover the condition for gain in Eq. (49). Understanding the conditions required to recover the W down↔up estimate will help us to understand the cases presented below where the fully-numerical formalism starts to diverge from this estimate.
We apply the perturbation theory within the wavefunction formalism, which allows us to obtain the perturbative result in the clearest way.
The wave function for a generic rotationally-excited wave packet in the ion after the pump pulse can be written as
where we have labeled the amplitudes of the wave function with a superscript '(0)' to imply that they are the zeroth-order amplitudes (i.e. they do not contain any interaction with the seed pulse.)
Consider first the process of absorption by a seed pulse that arrives at time t del . Absorption physically corresponds to moving population from X to B, and we therefore compute the first-order corrections to the amplitudes in B that arise from seed-driven transitions
where ω J are the excited state amplitudes generated by the seed, the total absorption can be estimated by summing over all the first-order B populations:
. In order to eventually recover the W down↔up estimate, we must now make the assumption that the bandwidth is flat across all transition frequencies: F (ω 
, where we have also taken the liberty of rearranging some of the indices in the summation.
With a little algebra, Eq. (54) can be seen to be equivalent to the expression
where ... X (t del ) means that we are taking the expectation value of the rotational wave packet over the zeroth-order X state at the time t del , and the appearance of the population term p X accounts for the fact that the population in the X state is not unity. In going from Eq. (54) to (55) These two properties can be derived from the properties of spherical harmonics.
Equation (55) shows that the absorption from the X state is proportional to the alignment in the X state. A corresponding expression for the emission from the state B can be analogously derived by repeating the steps that lead from Eq. (52) to (55) but now considering the first-order corrections to the X state that account for the seed-driven transitions from B to X. This calculation yields
which shows that the emission from B is proportional to the alignment in the B state. The total expected emission from the system, which would be given by the emission from B minus the absorption from X, can be now constructed by combining the expressions (55) and (56)
which gives the gain estimate Eq. (49) proposed in Ref. [25] . Since W down↔up is constructed to reflect the emission minus the absorption, a value of W down↔up > 0 predicts gain while W down↔up < 0 predicts absorption. Although this result was here derived using a single wave function, the same result is obtained using perturbation theory in the density matrix approach, and the result still holds when averaging over an initial thermal distribution.
Further, it should be stressed that obtaining the expression for W down↔up required that we assume a flat bandwidth. This point will be important below to understand cases where the gain starts to diverge from the estimate W down↔up .
III. RESULTS AND DISCUSSION

A. Rotational excitation and wave packet dynamics
We first discuss the rotational excitation and rotational wave packets generated in the pump step. The initial thermal rotational distribution of the neutral at temperature T = 298
K is plotted in Fig. 2a, while Figs. 2b and c show examples of the rotational distributions in the X and B ionic states after the pump pulse has past. For these cases, we used a peak pump intensity of I pump = 1 × 10 14 W/cm 2 ( Fig. 2b) and I pump = 2 × 10 14 W/cm 2 ( Fig. 2c) , the duration of the pump pulse was τ on = 50 fs (FWHM = 25 fs), and the number density was N mol = 5 × 10 18 cm −3 . The relative ionic populations were set to p X = 0.45 and
Figures 2b and c show that both the X and B ionic states are rotationally hotter than the initial neutral thermal distribution, reflecting the rotational excitation imparted by the pump pulse. In addition, we find that the X state is rotationally hotter than the B state, an effect that is more pronounced in the I pump = 2 × 10 14 W/cm 2 case (Fig. 2c) . This difference between the X and B states is due to the different polarizabilities for the X and B states, ∆α X and ∆α B . In the first half of the pump pulse, the neutral receives a torque toward the pump polarization direction (the z-axis in our case). Following ionization, the population in X continues to receive additional torque toward the z-axis. However, the population in the B state receives a torque in the opposite direction since ∆α B has the opposite sign compared to ∆α N and ∆α X , and hence the torque received on the second half of the pump pulse for the B state is partially undoing the rotational excitation imparted to the neutral on the first half of the pump pulse.
Figures 3a and b plot the alignment measure cos 2 θ (t) for the neutral and ionic states after the pump pulse, again for I pump = 1 × 10 14 W/cm 2 ( Fig. 3a) and I pump = 2 × 10 14 W/cm 2 ( Fig. 3b) , which shows the coherent rotational dynamics that occurs following the pump pulse. Qualitatively, a large value of cos 2 θ (t) means that the molecules are preferentially aligned along the pump polarization direction, while a smaller value of the alignment parameter implies that the molecules are more aligned perpendicular to this direction. The revivals for the different states have different timings, which is due primarily to the different rotational energy constant B e of each state.
B. Modulation of the seed gain
We now consider the seed propagation. Fig. 4a shows the spectrum of the initial seed pulse at the entrance to the medium, while Fig. 4b shows an example of the output seed spectrum. The input seed pulse had a peak intensity of I seed = 10 11 W/cm 2 , a duration of The W down↔up curves shown in Figure 5 show that the expected gain and absorption is modulated as the rotational wave packets on X and B evolve and modulate the cos 2 θ X,B (t del ) parameters that enter into the W down↔up estimate. Importantly, one can see that in both cases of inversion (left) or no inversion (right) the behavior of the emission can switch from gain to absorption and back depending on the particular delay chosen to launch the seed pulse. Regarding the results for the full seed propagation, we can see that in the case of η = 0.1% (low ionization) the numerically-calculated gain Γ almost exactly mirrors the predictions of the W down↔up estimate; when W down↔up > 0 gain is predicted and correspondingly the results of the numerical propagation of the seed yield Γ > 1. We
emphasis that these results demonstrate that gain can be achieved in the absence of electronic inversion when there are rotational coherences present that can modulate the balance between emission and absorption in the system.
In the cases of η = 1% and 3% also shown in Fig.5 , we see that Γ starts to diverge from the W down↔up estimate. This occurs because in these cases the density of the ions is large enough to generate substantial gain in the seed, and as the amplitudes of the gain lines in the seed spectrum increase the assumption of a flat spectrum required to derive W down↔up no longer holds. The increased strength of the gain, and hence the increased amplitude of the corresponding gain lines, is evidenced by the fact that Γ reaches a maximum of about 1.02 in the η = 0.1% case while it shoots up to about 1.38 and 2.9 in the η = 1% and 3% cases respectively. Recall that due to the definition of Γ given in Eq. (46), a value close to 1 implies a small change in total intensity of the seed pulse, while a larger value like 2.9 implies a rise in intensity of that same amount at the B ↔ X transition frequencies. Deviations of Γ away from W down↔up would equivalently occur in the case of η = 0.1% if the propagation length is increased; as the propagation length increases so will the amplitudes of the gain lines, which in turn will cause a breakdown of the flat spectrum approximation. Qualitatively, the deviations away from W down↔up in the large gain regime appear as an increased amount of oscillations in Γ compared to what one would expect from the behaviors of cos 2 θ X (t) and cos 2 θ B (t) alone. These increased oscillations in the delay-dependent gain of a seed pulse have been observed in recent experiments [24] . Finally, we consider the Fourier spectrum of the delay-dependent gain signal. It can be shown that, for linear molecules, the alignment parameter cos 2 θ (t) contains the frequencies
where B is the rotational constant of the molecule being considered [4] . In the low gain regime, we have seen that the delay-dependent emission/absorption temporally follows the formula in Eq. (49) and hence we expect the Fourier transform of the gain/absorption to contain two series of peaks like in Eq. (58), one reflecting the rotational spacings of X and the other reflecting the rotational spacings of B. Fig.7 shows the Fourier transform for two of the absorption/gain signals Γ(t del ) presented in Fig. 5 , one in the low-gain regime (η = 0.1%) and the second for the high-gain regime (η = 3%). In the low-gain regime (η = 0.1%), two series of peaks in the Fourier spectrum can be seen, and they line up perfectly with the expected frequencies ω
for the X and B states. However, once the gain becomes larger and the delay-dependent emission diverges from the W down↔up estimate, new frequencies that are not accounted for by these ω k J arise. This can be seen in the η = 3% case in Fig.7 ; new frequencies that do not align with ω 
where ∆I(ω) = I out (ω) − I in (ω) is the difference between the output and input spectral intensities of the seed, and ∆I min and ∆I max are the minimum and maximum of ∆I(ω)
respectively. The range of energies plotted corresponds to the energy window of the B ↔ X transitions. With the definition in Eq (59), ∆I log > 0 represents gain, while ∆I log < 0 corresponds to absorption. All simulation parameters are the same as used in Fig.5 with η = 0.1%, p X = 0.45 and p B = 0.55. Fig.8 shows ∆I log for the specific delay of t del = 4.3 ps, while Fig. 9 shows ∆I log for a range of delays; Fig. 8 is a slice through Fig. 9 at the delay t del = 4.3 ps. The 2D spectrum in Fig. 9 exhibits a rich modulation structure that is a result of the underlying rotational coherences comprising the rotational wave packets. These structures and modulations are in excellent agreement with those found experimentally in high-resolution measurements of the delay-dependent seeded N + 2 lasing as can be seen by comparing against Fig.1 from Ref. [22] , which confirms that our model is capturing the essential effects of the rotational coherences on the gain and absorption of the delayed seed pulse. One final comment regarding the spectrum in Fig. 9 relates to the subtle vertical features that appear near 4, 8, and 12 ps. These features are caused by the time-dependent refractive index of the neutral rotational wavepackets [Eqs. (29) and (41)].
Similar modulations appearing at the revival times of the neutral rotational wavepackets have also been observed, and these modulations caused by the time-dependent refractive index of the neutral where experimentally found to persist long after the ion-driven rotational modulations of the gain have decayed away [22] .
IV. CONCLUSION
Motivated by the seeded version of ultrafast N + 2 lasing, we have developed and explored a coupled Maxwell/von Neumann model that simulates the propagation of a seed pulse in an ionized and rotationally-excited gas of N 2 molecules. The model is aimed at understanding how the presence of rotational wavepackets modulates the absorption and gain of a delayed seed pulse and expands on the idea of transient inversion in rotationally-aligned nitrogen first discussed in Ref. [25] . Our numerical results successfully capture experimentally-observed modulations [17, 22, 24] of delay-dependent gain properties driven by the coherent rotational excitations. Using first-order time-dependent perturbation theory, we show that the gain estimate W down↔up suggested in Ref. [25] correctly captures the rotational modulations of the gain/absorption in the limit of low gain and absorption. As the total gain increases, the numerically-calculated rotationally-driven modulations of the gain start to diverge from the W down↔up estimate. This divergent behavior occurs due to the non-flat structure of the seed spectrum that results from the growth of the gain lines at the B ↔ X transition frequencies. 
